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AlJstraet-An analysis based on the incremental strain theory is formulated for solving the problem of an
elastoplastic hollow sphere SUbjected to a transient temperature distribution. Thermal and material
properties are assumed to be temperature dependent and the behaviour of the medium to be characterized
by the Ramberg-Osgood stress-strain relation. A method of successive elastic solutions is used to obtain
a numerical solution. An illustrative example shows that the effective stress is not a monotonic function of
the radius, but is much dependent on the history, gradient, and distribution of the temperature in the hollow
sphere. In addition, unloading in the plastically deformed region is confirmed from the detailed discussion
on the distribution of strains. As a result, the analysis based on the total strain theory is not permissible for
solving this kind of elastoplastic problems subjected to transient thermal loading. In the following analysis
the problem is treated in a quasi-static sense and the inertia terms in the thermoelastoplastic equations are
neglected.

1. INTRODUCTION

Thermoelastoplastic stress problems have attracted considerable attention over the past decade,
and several investigations[1-4] on these problems have been reported. In these papers
steady-state axisymmetric thermoelastoplastic problems have been treated as so called "stati­
cally determinate" without a consideration for strains and displacements. Recently, a polar
symmetric transient thermal problem for a hollow sphere of the Ramberg-Osgood type material
with temperature-dependent properties was solved[5] by use of the total strain theory of
plasticity. However, the effective stress in a hollow sphere subjected to thermal loading seems
to be not a monotonic function of the radius, but to be strongly dependent upon the history,
gradient. and distribution of the temperature in the hollow sphere. Hence, the stress paths in the
sphere should be very complicated, and moreover the element in the sphere might be expected
to be unloaded after a certain plastic deformation. Therefore, the total strain theory of plasticity
should not be applied to this kind of transient thermal problems.

This paper is concerned with a polar symmetric transient thermal problem for a hollow
sphere of the Ramberg-Osgood type material[6] with temperature dependent properties by use
of the incremental strain theory of plasticity. The inner boundary of the sphere is subjected to a
sudden temperature rise. The numerical calculations are made using the procedure of the
"method of successive elastic solutions" (7,8].

2. THEORETICAL ANALYSIS

2.1 Fundamental equations for stresses and strains
We consider a hollow sphere of inner radius a and outer one b, which is initially stress free.

It is subjected to a polar symmetric temperature distribution which varies with time. We
assume that the initial uniform temperature of the sphere is equal to zero and that body forces
and surface tractions are absent. The analysis that follows is a development of that presented
by Mendelson (8].

For equilibrium and compatibility, we have the relations

au, 2
-+-(0',-(18)=0ar r

(1)

(2)

Now the total strain is the sum of an elastic component of strain, a thermal part and a plastic
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component. If the temperature at a generic radius r be T at time t, then we have

i
T

E p
f.ii = f.ij + Oii 0 a dT + f.ii (3)

where the subscripts i,j denote components of the appropriate tensor and a is the coefficient of
thermal expansion. From eqns (3), we obtain expressions for the stress components (T, and a.
for a polar symmetric transient thermal problem.

E f E } P P}a'=-1-2v adT+(1_2v)(I+v)[{(I-v)f.,+2vf.e -{(I-V)E, +2Vf.e ]

a. = -1_
E
2v f a dT +(1- 2vf(l + v) [{Vf., +Ee}-{VE/ + f./}]. (4)

The coefficient of thermal expansion a, the conductivity K, the elastic modulus E, the yield
stress u., the mass density 'Y and the specific heat C have been defined with two factors [5]. The
first one is a dimensional invariant denoted by the subscript zero, and the second one is a
dimensionless temperature-dependent variant denoted by an asterisk,

a, = a,oa~(O),

K = KoK*(8),

y = yoy*(l1),

E = EoE*(fj},

C' = C~C*(O) (5)

where a*, E*, K* and a~ are defined as follows:

a* = 1+ a,O,

We adopt the following dimensionless variables;

(6)

r
p=­

a'
- T
(J = To'

I-v*-aij - EoaoToau,

Ko
T = ----r--C' t,

a 'Yo 0

_* 1- v _
a =---u

EoaoTo '
*P 1- v P

f.ij = ao To f.ii (7)

where To denotes any conveniently chosen reference temperature and is taken in this case to be
equal to the constant inner surface temperature to which the boundary of the sphere is
suddenly exposed, while the temperature at the outer surface of the sphere is zero. Taking into
account the non-dimensional quantities in (7), the eqn (4) becomes

*--~E*f d(J- E* [{(1-) * -2 *}-{(1- ) *p 2 *P}]a,- 1-21' a +(1-21')(1+1') VE,-! Vf.e VE, + Vf.e ,

*--~E*f *d- E* [{ * *}-{ *p *P}]ao- 1-21' a (J+(1-2v)(l+v) Vf.,+f.e Vf., +f.e . (8)

Substituting the eqn (8) into the equilibrium eqn (I) in the nondimensional form, and utilizing
the compatibility eqn (2) in the non-dimensional form, we have

~{~~ (p3 E*f.:)} - 3 - 51' (f.~ oE*) - p~ (d oE*) = (1 + v) ~(E*f a* dO)
op p op I - v op op op op

_ 2(1- 21') E*(f.V - f.t
p

) +~ (E*f.~p) +~~(E*f.~P). (9)
I - v p op I - v op

integrating this equation with respect to p and evaluating a double integral, we obtain an
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expression for d in the form

647

where Bo and B I are constants of integration which are evaluated from the boundary condition.
Using the compatibility eqn (2) in the non-dimensional form and the above eqn (10), an
expression for E~ is obtained in the form

2(1- 2v) f 8E* f - P 2v P
E*E~= I-v Eta-pd p -2E*d+(I+v)E* a*d8+E*e~ +1_2v E*et

2(1- 2v) f E*(E~P - d P
)

+ 1 dp +3Bo•
- v p

The boundary conditions are

(II)

(12)

where R is equal to bfa. Substituting eqns (10) and (II) into the first eqn of (8), and expression
O'~ is obtained in the form

*__2_f.P *8E*d __2_-1 (P 3 *8E*d _2f.P E*(f *dii) 2d
0"-3(1-v) I e. 8p p 3(1-V)p3 Jo p e. 8p p p3, a u P p

+__2_f.P E*(E~P -EtP)d _ 2 1 f.P 2 * *P *P Bo 2 B,
3(1-v) , p P 3(1-V)p3 I pE (e, +2e. )dp+1-2v-1+vp3'

(13)

From eqns (12) and (13), constants Bo and B, are obtained as

B_ 2(1-2v)B
0- l+v '

(14)

Expressions for the total strains e~ and d have been derived in terms of the temperature
distribution 8 and the total accumulated plastic strains e~P and etP. Then the stresses O'~ and
O't can be obtained from eqns (8).

2.2 Temperature distribution
The solution of the heat conduction equation for the hollow sphere with zero initial

temperature where the inner surface temperature is maintained at To, constant, for t > 0 is
shown in Refs [5] and [10] to be

,t, ljJo (R -p) 2ljJo 1~ 1 . [n1T(p - I)J [( n1T )2 J
'I' =- -- - - - £.i - sm exp - -- s

P R-l 1T P , n R-I R-I

K,
ljJo= 1--

2

(15)

(16)

(17)
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where the nondimensional time s is equal to h*r. The notation h* = K*/y*C* is the nondimen­
sional factor of the diffusivity h = hoh *, and may be taken as constant [9]. Temperature
distributions for the step rise in the inner surface temperature were obtained directly from eqns
(15)-(17). It is convenient for the subsequent numerical calculation to get the closed form of
oE*/op in eqns (10), (II) and (14). Then from eqns (6), (15) and (16) we have

oE* =-20E, oO=-20E,(I-2K,l/J) l/2oljJ==20E,(I-2K,I/J)'/'
op op . op

x [rJ!.+ljJo_1 {1+2~ [n7T(p-l)] [_(..!!!!-)']}]p p R - I "7' cos R _ I exp R _ IS. (18)

2.3 The total accumulated plastic strains
Using the von Mises yield criterion and associated flow rule as expressed in the familiar

Prandtl-Reuss equations, the total accumulated plastic strains can be determined theoretically
from the integration of the infinitesimal plastic strain increments occurring at any instant over
an actual loading path. However, in this paper, the total accumulated plastic strains are
obtained by summation of the increments of plastic strains that occur during small intervals of
time, each time interval corresponding to a particular change in temperature. After some
loading path, let the total plastic strains be EtP.Let the plastic strain increments ~EtP be produced
in the small interval M. Then total strains

(19)

"Modified total strains" are now defined [8]

(20)

The deviatoric components are

(21)

The Prandtl-Reuss equations, with the plastic strain increments expressed simply in terms of
strain, are represented as follows [8].

A~F =~de:l"
L.1'CI} * 'J

Eel

where an "equivalent modified total strain" E1: is defined as

*_ 1[(2 */ *')]Eer - 'J 3' eij eij •

From eqns (21) and (22) we have in this problem

(22)

(23)

(24)

then E1: is represented as follows

* - ~ I *'- *'1Eel - 3 ErE R • (25)

The quantity E1: has no physical interpretation but through the simple tension stress-strain
curve a relation can be obtained between E1:, the equivalent plastic strain increment !i.d and
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equivalent stress 0'1-1 [8].

(26)

In the polarly symmetric case under consideration, the equivalent stress becomes

(27)

In equation (26), (d<1*/dE~)i-' is the value of d<1*/dE~ up to the end of the (i - 1)th interval. In
this paper, the following Ramberg-Osgood type stress-strain relation will be employed with the
uniaxial stress a, and strain E, [6].

(28)

From above equation the relation between the equivalent stress and plastic strain are as follows

(29)

Taking into account eqn (5), the nondimensional representation of eqn (29) is

(30)

where A= EoQoTo/(1- v)alO is a quantity called hereafter the loading parameter. Then, from
eqn (30)

dO'* _ 7 E* (at)m-t
dE~ - 3m Am-I 0'* . (31)

Substituting the above equation into (26), we finally have

(32)
E:' -j [(1 + v)/E*]O'.f-,

IlE~ == 1+ 14 (!±..!:) (.!.)m I (~~)m t·

9 m A a.<-I

Consequently the components of plastic strain increment can be obtained from eqns (20), (24),
(25) and (32).

3. THE RESULTS OF NUMERICAL CALCULAnON

3.1 Thermal and material properties
For the thermal and material properties, we assume both for m = 9 and 19 in eqn (28) the

following figures from D. Ghosh Dastidar and P. Ghosh [5]:

Qo = 6.5 X 10-6 OF-I,

Eo = 30 X 106 psi,

Ko = 2.23 Btu/in hroF

alO = 48.75 x 10' psi (33)

Q, =0.138462A,

E I = 0.00779135A 2,

K 1 == 0.033A

all == 0.07142857A. (34)
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The stress-strain curves for m = 9 and 19 in eqn (28) correspond to those of steel with the
addition of molybdenum and with the addition of molybdenum and chrominum, respectively.
Poisson's ratio v is assumed to be unaffected by temperature and to be equal to v = 0.4. Then, it
is easily shown that To = 150;\ with eqns (33). Now introducing the nondimensional represen­
tation

eqn (28) becomes

Eoe, =-€,
(1JO

and
(1,

S,=­
£TIO

(35)

(36)

Figure 1 shows the stress-strain relation (36) in temperature fields with the value of loading
parameter ;\ = 6, considering eqns (6) and (34). It is clear that from eqns (6) and (34) the results
at 6= 0 in Fig. I correspond to the stress strain relation at the outer surface of the sphere and
those at 6= I, i.e. To =900°F, to that at the inner surface of the sphere. Then, the stress strain
relation at any points of sphere where the temperature could be decided by eqns (15)-(17) must
be determined with eqn (36) and maybe lie between 6= 0 and 1. In Fig. 1 the stress strain
relation at 6= 0.5, i.e. T = 450°F, are shown as an illustrative example. With increase of the
exponent m in the Ramberg-Osgood stress strain relation, the behaviour of material is nearly
similar to that defined as an elastic perfectly-plastic material, and only the result for m = 101 at
6= 0 are shown also in Fig. 1.

3.2 The procedure of the calculation
In the numerical calculations, the hollow sphere is divided into 80 radial increments. The

period during which the thermal load is applied is divided into 35 time increments. The
computation of the plastic strain increments that occur during a particular time increment (~s)

is carried out as follows.
Computation begins with the determination of the temperature distribution at time (s +~s)

with eqns (15)-(17). An iterative procedure is used to determine the total strain" at each radial
station. From eqns (0), (1 I), (4) and (18), a first approximation to the total strains is
obtained by setting the plastic strain increments to zero and the total accumulated plastic
strains (E~P, E~P) to the value of these up to the end of the (i - l)th interval at time s. On that
occasion, the values of E~ in a right hand side of eqns (10) and (14) should be set at first to the

1·0

0-5

07857 9
_~~_-----= m= }e=1

~~========-========== m=1905714

4
E't

Fig. 1. Ramberg-Osgood stress and strain relation for A ~ 6.
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values of these at time s. The new estimated values of E~ are then used to obtain a better
approximation. After convergence, the strain E~ can be computed from eqn (1t). The
"equivalent modified total strain" E1r are obtained from eqns (20) and (25). At each radial station
the value of E:' is compared with H(1- v)/E*]aj_, (see eqn (32)). If E:' <H(1 + v)/E*]aj_"
then that particular radial station is situated in an elastic region, and correspondingly, ~E: is set
to zero. On the other hand, if E1r > ~ [(1 + v)/E*] iTj-I, then the particular radial station is
situated in a plastic zone, and the appropriate value of the "equivalent plastic strain increment"
~et is evaluated from egn (32). First approximation are then calculated for ~e~1' and ~dP

from the modified Prandtl-Reuss relations (24). These values are then used to obtain a better
approximation for the total strains e~ and d. This process should be repeated as many times
as is necessary to obtain the desired degree of convergence. After convergence, the stresses a~

and at can be computed from eqns (8). The accumulated plastic strains at time (s + ~s) are now
updated so as to include the plastic strain increments which have been determined by this
iterative procedure. Computation then proceeds for the next increment of time.

Figure 2 shows the variation of temperature 8 with respect to IIp, i.e. aIr for different
values of time s for A = 6 and m = 9 when R = 5 with the solid lines for a sensitive material.
The results for an insensitive material are also represented in Fig. 2 with the alternate long and
short dash line only at the steady state, i.e. s = 50, to avoid complexity of the figure. Fig. 3
shows the variation of a~ and at with respect to tIp both for a sensitive and an insensitive
material at times s = 0.5 and 4 for A = 6 and m = 9 when R = 5. This figure shows that the
elastic plastic boundary of a sensitive material which is recognized in this figure as at the point
of inflexion in the distribution for (J"t is developed closer to the outer surface than that of an
insensitive one at each time s. Besides for an insensitive material, it is clear from this figure that
unloading may arise near the inner surface with increase of time s. At the same radial station
in the plastically deformed region, the stresses for a sensitive material are always smaller than
those for an insensitive one as shown in the figure. Figure 4 shows the variation of EenAalO
and Eee"/AalO with respect to IIp both for a sensitive and an insensitive material at times
s = 0.5 and 4, similarly as in Fig. 3. The radial stations where the plastic strains Ee,P/A(J"1O and
Ee/!Aalll become zero are considered to be the elastic plastic boundaries and correspond to the
stations of the points of inflexion in the distributions of the circumferential stress a~ in Fig. 3.
From a detained discussion on the total strains and the total accumulated plastic strains, we can
recognize the occurrence of unloading near the inner surface of the sphere. Namely, at that
occasion, the total strains clearly decrease, while the total accumulated plastic strains hold
constant during time increment ~s. Though this occurrence of unloading will be examined later
in detail with variation of the effective stress, it should be predicted that this result should be
different from that in [5] obtained by use of the total strain theory of plasticity. In Fig. 5 both
results obtained by the author, and D. Ghosh Dastidar and P. Ghosh [5] are represented by

4insensitive

sensit ive s=

O~_--J.._---'----f-L....t'----7Ji

a·'

-03

-02

-0'

0·20·406
Q/ r

0·8
a

~2. ~3.

Fig. 2. Temperature distributions for various times s for A = 6. m = 9 when bla = 5.

Fig. 3. Stress distributions both for a sensitive and an insensitive material for A = 6, m = 9 when bla = 5.
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Fig. 4. Plastic strain distributions both for a sensitive and an insensitive material for A = 6, m = 9 when
bla = 5.

Fig. 5. Comparison with the results by the total strain theory for A= 6, m =9 when bla = 5 at s = I.

solid lines and the alternate long and short dash lines, respectively, when R = 5. The discre­
pancy between these two results is recognized distinctly in the plastically deformed region.

Without consideration for strains and displacements, the steady state thermoelastoplastic
problem for this hollow sphere of an elastic perfectly plastic material is solved by use of only
an equilibrium equation and a yield criterion, as so called "statically determinate". On the other
hand, for large values of the exponent m in the Ramberg-Osgood relation, the shape of the
curve approaches that of the elastic perfectly-plastic material, as previously mentioned. So the
result calculated with large value of the exponent m = 101 (see Fig. 1) is compared with that in
[11] for the elastic perfectly-plastic material.

The solid lines in Fig. 6 show the variation of a~ and a~ obtained by the author with respect
to IIp for the steady state, i.e. at time s = 50, for A= 6 and m = 101 when R = 5. Then, the
radial station of the elastic plastic boundary Rc should be set to 1.65 from that of the point of
inflexion in the distribution of the circumferential stress a~ where the total accumulated plastic
strains become zero, as previously mentioned. The results for the elastic perfectly-plastic
material treated as "statically determinate" for A= 6 and Rc = 1.65 are also shown in Fig. 6 by
the alternate long and short dash lines when R = 5. With the exception of the neighbourhood of

02 r-----------------,
02 r-------------,

- incremental

- - Johnson & Mellor
01

0""""---'----<----'---,1---1

-0· ,

-0·2

-0·3

-0.4 L- ---' -0.3 L- -'

~~ ~7.

Fig. 6. Comparison with the results for an elasto perfectly-plastic material for A= 6. m = to I when bla =5
at s = 50.

Fig. 7. Stress distributions for an insensitive material for A= 6. m = 19 when bla = 2.
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the inner surface, where unloading is recognized in the author's results, both results are in good
agreement with each other.

Figure 7 shows the variation of O"~ and 0": with respect to lip for an insensitive material at
times s =0.01, 0.05, 0.1 and I for A =6 and m = 19 when R =2. Because of the smaller
thickness of the hollow sphere, the steady state in the temperature distribution can be obtained
at a smaller time s = I than when R = 5. Though the stress O"~ in the plastically deformed region
maintains the constant value at time s = 0.01 and 0.05, unloading occurs near the inner surface
of the hollow sphere at time s = 0.1. Then the variation of 0": at time s = 1 becomes much
different from that at other time s. Namely, the second point of inflexion can be shown clearly at the
neighbourhood of the outer surface.

Figure 8 shows the variation of s with respect to lip for an insensitive material at times
s =0.04, 0.1, 0.2 and 1 for A =6 and m = 19 when R = 2. The quantity s is the nondimensional
equivalent stress which is defined as follows:

- if _*s = -= AO" .
0"10

(37)

Since O"t = 1- 0"118 = 0"110"10 from eqns (5) and (6), the radial station where s ~ d is the region
under yielding. On the other hand, the radial station where s < O"t is either the region on elastic
loading without the plastic strains or the region on unloading with the plastic strains. For an
insensitive material, the radial station where s ~ O"t = 1 is the region under yielding. Then, from
Fig. 8 the neighbourhood of inner surface is the plastic region under yielding until time
s = 0.04. At large time s =0.1 the hollow sphere is divided into three regions in the radial
direction, that is, from the inner surface to the outer one, the plastic region under unloading, the
plastic region under yielding and the elastic region under loading where it should be predicted
by the large value of s to start to yield in short time, and at time s = 0.2, the yielding begins
abruptly in this third region. The result at time s = I in Fig. 8 shows the steady state solution.
The radial station of the second point of inflexion in Fig. 7 corresponds to the station of the
second elastic plastic boundary, as might be expected.

With same situation as in Fig. 8, Fig. 9 shows the variation of EenAO"IO with respect to lip.
Then, from eqn (24), we can estimate the value of Ee/lAO"IO to be equal to ( - 1/2)(EenAO"IO).
The variation of EenAO"IO is not recognized at the neighbourhood of the inner surface, where
the plastic strain increments are not accompanied with the time increments. Even though

0·' 5 =02

alf
07 0·6 0·5

aJr

~8. ~~

Fig. 8. Equivalent stress distributions for an insensitive material for A =6, m = 19 when bla = 2.

Fig. 9. Plastic strains distributions for an insensitive material for A =6, m = 19 when bla = 2.
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Fig. 10. Stress distributions both for a sensitive and an insensitive material for A=6, m = 19 when bla =2.

without the special representation of figure, the total strains in this region are decreased.
Namely as S < O't = I from Fig. 8, this plastic region is recognized to be under unloading. The
second plastically deformed region is shown in Fig. 8 at the neighbourhood of the outer surface
of hollow sphere, and the radial stations of E€//AO'IO = 0 correspond to those of the elastic
plastic boundaries shown in Figs. 7 and 8. Johnson and Mellor [I I] in their paper pointed out
that for the elastic perfectly-plastic material for R =2, a second plastic zone starts to develop at
a temperature of 360°F.

Figure 10 shows the variation of O'~ and O't with respect to I/p both for a sensitive and an
insensitive material at time s = 1 for A = 6 and m = 19 when R = 2. Also in this figure, the
variation of sand O't with respect to IIp for a sensitive material is shown. As previously
mentioned, the region where s~ O't is defined as to be under plastic yielding. While the region
where s< at is defined as to be under elastic loading except the neighbourhood of the inner
surface where is now to be under unloading after yielding. Moreover, the elastic plastic
boundaries for a sensitive material are developed closer to the interior of hollow sphere from
both inner and outer surfaces.

4. CONCLUSION

By use of an incremental strain theory of plasticity, the thermoelastoplastic solution of a
hollow sphere of the Ramberg-Osgood type material with temperature dependent properties is
presented. From the numerical calculation based on the "method of successive elastic solu­
tions", the following conclusions are obtained;

(I) At the neighbourhood of the inner surface, unloading in the first plastic zone occurs with
time both for R = 5 and 2, and besides the second plastic zone starts to develop at the
neighbourhood of the outer surface for R = 2.

(2) The discrepancy between the results obtained in this paper and by the total strain theory
of plasticity is recognized distinctly in the plastically deformed region. This suggests that the
application of the total strain theory of plasticity to this kind of transient thermoelastoplastic
problem is not suitable [12], because of unloading.

(3) The steady state solution obtained as "statically determinate" for an elastic perfectly­
plastic material corresponds to a special situation in this solution presented, in which case both
results are in good agreement.

(4) The values of stresses for a sensitive material are usually smaller than those for an
insensitive one in the plastically deformed region, and the elastic plastic boundaries of a
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sensitive material develop closer to the interior of the hollow sphere than those of an
insensitive one.
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